We study collective diffusion of adsorbed particles on stepped surfaces using analytic and numerical techniques. We employ the Langmuir lattice gas model where the distribution of adatoms on the surface is solely determined by the difference in adsorption energy of atoms on terraces and along step edges. For the system in equilibrium, we consider the master equation approach for collective diffusion across the steps within the dynamic mean field approximation. We demonstrate that results obtained for the collective diffusion coefficient D c (Θ) are sensitive to the choice of relevant slow variables for inhomogeneous systems such as stepped surfaces. Next, we consider diffusion across steps in situations where the system is not in equilibrium such as during spreading or ordering. To this end, we consider a phenomenological theory using balance between particle fluxes across a stepped surface within the linear response theory. This allows us to derive expressions for effective diffusion coefficients in the limit of large and small coverages, where the results agree well with D c (Θ) in the corresponding limits.
Introduction
Surface diffusion is among the most important fundamental processes underlying many physical and chemical phenomena at interfaces. While simple atomic and molecular diffusion on ideal surfaces is relatively well understood by now [1] - [9] , it has been demonstrated that diffusion is strongly influenced by the presence of impurities or imperfections on surfaces. In particular, vicinal surfaces with equally spaced steps (and possibly kinks) play an important role in e.g. surface growth and catalysis [2] , [10] - [16] . This problem has been recently attacked by analytic methods [17] - [20] and Monte Carlo (MC) simulation techniques, both under equilibrium [21, 22] and non-equilibrium conditions [23, 24] . In particular, the special case of a Langmuir gas (LG) where there is site exclusion interaction only between the diffusing adatoms [2] has been studied as an important model system. Of particular interest for stepped surfaces is the influence of the step parameters on diffusion. In the simplest case where the presence of steps is characterized by strong adsorption of ad-particles at lower step edges as compared to the terrace sites, a maximum in the collective diffusion coefficient D c (Θ) appears at a coverage Θ = 1/L, where L is the distance between regularly spaced steps in units of the lattice constant. This is due to the preferred filling of the step edge sites up to Θ = 1/L [20] . As far as the non-equilibrium situation is concerned, during spreading of density profiles there is a complicated interplay between the non-equilibrium and step effects [22, 24] . In particular, for the Langmuir gas it has been demonstrated that the fundamental assumption about linear response theory can break down [22] , which makes it very difficult to develop an analytic theory for such a case.
The main purpose of the present work is to construct a phenomenological model of diffusion using considerations of detailed balance between coarse-grained particle fluxes across a stepped surface within the linear response theory. This allows us to derive expressions for effective diffusion coefficients both in the limit of large coverage and in that of small coverage. These coefficients correctly reproduce the known behaviour of D c (Θ) in the corresponding limits. Following previous theoretical approaches [18, 20] we employ the Langmuir lattice gas model where the distribution of adatoms on the surface Figure 1 . Geometry, jump rates and activation barriers for a microscopic model of a stepped surface. The activation energy for jumps on the terrace is E 0 , and E S denotes the Ehrlich-Schwoebel barrier. ΔE denotes an additional binding energy at the lower step edge position. The relevant jump rates Γ i are defined in the text.
is solely determined by the difference in adsorption energy of atoms on terraces and along step edges. For the system in equilibrium, this model is amenable to a quantitatively accurate solution for all coverages, as shown by Merikoski and Ying (MY) [20] . As a precursor to considering the non-equilibrium case, we start by considering the equilibrium limit and demonstrate that the results are sensitive to the choice of the relevant slow variables. This highlights the importance of properly treating systems with spatially inhomogeneous hopping rates, such as the stepped surfaces considered here.
Microscopic model of a stepped surface
The microscopic model of diffusing adatoms on a stepped surface [20, 22] is shown schematically in figure 1 . The surface is modelled by a rigid square lattice, where the steps run parallel to the y direction and are separated by a distance L (the lattice constant has been set to unity). The adsorption energy of atoms on the flat terraces is given by E 0 . The steps are characterized by an adsorption energy at the lower step edges of E B which is assumed to be larger than E 0 because of extra coordination for the adsorption sites. In addition, a finite Ehrlich-Schwoebel barrier E S for jumps from the terrace to the lower step edge can be present due to the reduced coordination at the corresponding saddle point.
If the adatoms on the surface are modelled by the LG model, there are no interactions between them except on-site exclusion [2] . In the present geometry, the following microscopic transition rates describe allowed jumps between nearest neighbour (NN) sites on the lattice: (i) Γ 0 -jumps on the terrace; (ii) Γ 1 -jumps from the ledge sites to the NN terrace site; (iii) Γ u -jumps from the ledge sites across the step up to the ascending terrace; (iv) Γ d -jumps across the step edge to the ascending ledge site; (v) Γ 2 -jumps along the ledge in the y direction.
For simplicity, since we are mainly interested in diffusion across the steps, we set Γ 2 = Γ 0 here. For each adsorption site there is a stochastic occupation number n s l,m (t), which due to the exclusion of double occupancy can take only the values 0 and 1 corresponding to empty and occupied states, respectively [20] . The set of indices {s, l, m} denotes the position on the surface, where s ∈ [1, L] is the position of an adatom on a terrace in the x direction perpendicular to step edges (s = 1 and s = L denote lower and upper step edges, respectively), l ∈ [1, P ] is the terrace position of the unit cell containing L sites in the x direction, and m ∈ [1, M] determines the location of an adatom in the y direction parallel to the step edge. In equilibrium, with a fixed total number of adatoms there are no differences between the mean occupation numbers of surface sites on different terraces and steps. The system can be characterized by a fixed overall concentration Θ = N/(LP M), where N is the total number of adatoms. Due to the different energies of binding between the ledge and terrace sites, however, the corresponding average adatom concentrations c e and c t are different. They are given by
( 1 )
where the brackets denote an equilibrium average. By introducing the parameter
where ΔE = E B − E 0 > 0, k B is the Boltzmann constant and T the temperature, detailed balance gives the result that [20] (
Thus, the partial coverages c e and c t can be directly determined from the total coverage Θ.
Microscopic theory of collective diffusion in equilibrium revisited
In the equilibrium limit, the collective diffusion coefficient D c is most conveniently defined by the Green-Kubo formula through where
and q denotes a 2D vector. Here we consider only diffusion across the steps in the x direction, i.e. D c = D c,xx . The dynamic structure factor S( q, ω) is a double Fourier transform of S( r, t), which is defined as the mean value of the space and time correlation functions of the adatom density fluctuations A( r, t) around their equilibrium values:
The simplest choice for the (scalar) form for the Fourier transformation of the density fluctuations corresponds to the step unit cell of size L. This is given by
which gives
The dynamics of the density fluctuations A( r, t) can be determined by writing down the master equations for the occupation variables n s l,m , as given in the appendix. Using Mori's projection operator technique [26] - [29] we can write the master equation for the Fourier components A( q, t) in the form
where M( q, t) is the so-called memory function, B( q, t) is the stochastic force term and the Liouville operator L is defined by the master equations in the appendix. Using the standard approximation [20] we neglect the contribution from the memory function. This means leaving out of any dynamical correlations between successive transitions of atoms and leads to the dynamical mean field (DMF) theory [25] and the generalized Darken equation [28] . This approximation becomes exact in the limit L → ∞ for the Langmuir gas [2] . After some algebra we obtain
where
and is the static structure factor. It is well known that
where f is the thermodynamic factor, which is proportional to the inverse compressibility of the adatoms [2] . In the case of a Langmuir gas on a flat surface, it is simply given by f = 1/(1 − Θ) [2] . For the present case of a stepped surface, it has been calculated exactly by Merikoski and Ying [20] and is given by
where μ is the chemical potential. We note that the dependence of f on Θ on stepped surfaces is non-trivial because with increasing adsorption energy E B along the ledges a local maximum develops in f (Θ) at Θ = 1/L due to the preferred filling of the ledge sites [20] . As usual, the components of the diffusion tensor can be extracted from the poles of S( q, ω) in the limit q → 0 and ω → 0 [20] . The final form for D c (Θ) is rather complicated and we will here discuss only numerical results for some values of the system parameters.
In figure 2 we present a comparison of the present results to new MC data obtained with the same values of the step parameters. For small values of the terrace length L (e.g. L = 5), the diffusion coefficient should have a local maximum at coverage Θ = 1/L for large values of k [20] . However, the present theory gives a monotonically increasing D c (Θ), which systematically overestimates the diffusion coefficient at higher coverages. The same result applies for larger step lengths where D c (Θ) eventually approaches the Langmuir gas limit of D c /D 0 = 1 for all coverages. At this point it is interesting to compare the calculation presented here to that in [20] , where Merikoski and Ying (MY) used the same LG model with the DMF approximation to calculate D c (Θ) for stepped surfaces. In contrast to here, they defined the dynamical variable components separately for each of the L sites within a step as figure 2 we also include the results from [20] . It can be shown that the MY theory is exact both in the limit Θ → 0 and in the limit Θ → 1 (in the one-hole limit). Thus, it follows the MC data much more closely and correctly reproduces the expected maximum at Θ = 1/L.
To understand why the present theory overestimates D c (Θ), we can compare the two different approaches for the prediction of average jump rates Γ. From the scalar structure of the form of the density fluctuation variable in the present work, it follows generally that in systems with different frequencies of jumps of atoms Γ i the total mean jump rate is given by Γ = Γ i (here this notation means that there is some non-trivial weighted average over the individual rates). This means that the large jump rates (with lowest barriers) dominate Γ, which explains why the influence of the step filling does not show up correctly in D c (Θ). In contrast, in the MY theory the Fourier transforms of the occupation numbers within each unit cell are kept in the same phase. For the mean value of the jump rate this gives (schematically)
which gives a formally correct description for surfaces with steps. Thus, we can conclude that for any system which has spatially inhomogeneous jump rates, it is important to keep the corresponding components of the relevant slow variables separate as in the MY theory.
Macroscopic theory for effective diffusion across steps
We now turn to focusing on the main issue of the present work, which is the construction of a general theory for diffusion across steps for the generic case as defined in figure 1 . Unfortunately, a direct generalization of the microscopic approach presented in the previous section is prohibitively difficult [8, 30] . Instead, the central idea here is to use coarse-grained local particle fluxes combined with linear response theory to estimate the corresponding average transport coefficients. Unlike the microscopic calculations presented above, such a theory can also be applied to non-equilibrium conditions, where the linear response theory still applies. To this end, we assume that there is a mean gradient of coverage ΔΘ across the step as schematically presented in figure 3 . Far enough from the step position x = nL + 1 at x 1 and x 2 the terrace coverages c t (x 1 ) and c t (x 2 ) are assumed to be fixed. This means that the mean coverage Θ and the average coverage gradient ΔΘ are given by As indicated in figure 3 , the presence of the step is reflected in the local coverage which is set to be c e (nL + 1) along the ledge. Using linear response theory, we can introduce response coefficients D t , D e1 and D e2 , which relate the corresponding local coarse-grained flux variables J to the density differences as
The 'diffusion coefficients' D t and D ei are determined by the jump rates of atoms on terraces and by jumps across the steps, respectively. In steady state, we must have
Next, we introduce an effective diffusion coefficient D f describing the overall density flux between points x 1 and x 2 :
Using the steady state condition, this gives
This relation reflects the relative contribution of the flux across the steps and its dependence on the terrace length L, and it has the correct form corresponding to equation (19) , when the response coefficients are interpreted as effective rate coefficients. If the step sites are equivalent to the terrace sites, other hand, for very narrow terraces such as with L = 2, the effective diffusion coefficient D f is fully determined by the flux across steps through D e1 and D e2 . This means that for a system in equilibrium and with relatively large terraces, relaxation of long wavelength fluctuations is only weakly influenced by the presence of steps.
To obtain an estimate for D f , we take x 2 − x 1 = L and assume the validity of linear response theory. This gives for the density variables
To obtain the coverage dependence of the effective diffusion coefficients D e1 , D e2 and D ef , we use the choice x 2 −x 1 = L and express the flux variables J in terms of the corresponding densities. Using the steady state condition we obtain (33) which then gives the final expression for D f (Θ) according to equation (28) .
From equations (32) and (33) we can again check the limits of D e1 and D e2 . We find that even though D e1 and D e2 are functions of the difference ΔΘ, the effective diffusion coefficient D f does not depend on it. In addition, in the case of equivalent sites where K = 1, D e1 = D e2 = D t , and in the case K = 0 where there is no diffusion across the steps D e1 = D e2 = 0, as expected. In figure 4 we present the results for D f for the case L = 4, k = 50 and compare it to the MY equilibrium theory [20] . To compare these results, we plot the data as a function of the mean coverage Θ, which corresponds to the mean coverage in equilibrium conditions and total coverage Θ on terraces. In equilibrium, Θ is determined by the balance of atoms between the step and terrace positions. In our steady state model, the mean coverage is given by the coverage in positions x 1 , x 2 and by the coverage c e (nL + 1). This means that c e (nL + 1) and Θ obey the detailed balance conditions of equations (4) and (5), and thus
c e ≡ c e (nL + 1).
This gives a relation between Θ and Θ in the form
All values are scaled with the value Γ 0 = 1. If the energy barrier at the step edge is much higher than on the terrace (small K), Θ is higher than ≈1/L. This is why in figure 4 the curve labelled '1' is cut off at Θ = 1/L. We can conclude that for small values of L and K, D f (Θ) decreases with increasing coverage and is in very good agreement with the microscopic MY theory and Monte Carlo simulations for Θ > 1/L. It is also in good agreement with the non-equilibrium Monte Carlo simulations of profile spreading in [24] for large coverages and late times, where the linear response approximation eventually holds. However, in the present calculation the local maximum around Θ = 1/L is not correctly reproduced. One possible explanation for the fact that for small coverages Θ < 1/L the diffusion coefficient does not show a local maximum is that the steady state model does not correspond well to the equilibrium situation at these conditions. Namely, in equilibrium and for small K, practically all particles are in the ledge positions and the coverage on the terrace is very low, much lower than the average coverage. To better control the occupation of step edge positions in the steady state model, we can change the model by shifting the position x 1 on the step, as shown in figure 5 . In this case, since we are interested in the small coverage limit, we set the coverage at point x 2 to be zero, i.e. c t (x 2 ) = 0. Using again the steady state condition gives the new effective diffusion coefficient as
where the effective diffusion coefficient across the step is given by The mean coverage corresponds to the equilibrium conditions and can be calculated from equation (34), where c e = c e (x 1 ) is given. This gives a relation between c e and Θ in the form
In figure 4 , we compare this new expression for D f (Θ) with the MY theory. The improved theory at low coverages correctly reproduces the increasing trend of D c (Θ) up to Θ = 1/L, but it is a monotonically increasing function of coverage for all values of Θ. For small values of K, Θ is less than ≈1/L. Thus, when the step edge positions are effectively almost filled as happens for small K, the previous result of equation (28) gives a better approximation for D c (Θ) in equilibrium. It is also interesting to note that the low coverage results obtained from equation (38) are again qualitatively correct when compared to the non-equilibrium diffusion coefficients calculated numerically for the Langmuir gas on stepped surfaces during spreading [24] . There it was found that the non-equilibrium D c significantly underestimates the equilibrium diffusion coefficient for small coverages when non-equilibrium partial coverages are properly accounted for. However, we should note that in [24] the linear response theory is violated at early times and thus a quantitative comparison is not possible. The non-equilibrium state in our model is characterized by the overall gradient of the coverage ΔΘ for model a and c e for model b. Within model a, ΔΘ influences the values of the diffusion coefficients D e1 and D e2 . In this way also the effective diffusion coefficient as determined by equation (28) depends on the state of the system. However, we have checked that this dependence is weak. In model b the corresponding dependence is reflected in the c e dependence of the effective diffusion coefficient D f through equation (39) . In this case we set the coverage at point x 2 to be equal to zero, which means that the gradient of the coverage is proportional to c e and thus not an independent parameter. This also means that with increasing c e also the gradient of the coverage increases, which leads to deviations from the equilibrium diffusion coefficient as seen in figure 4.
Summary and conclusions
In this paper we have presented a detailed analysis of collective diffusion of Langmuir gas adatoms on stepped surfaces. In such systems, diffusion is strongly influenced by the different jump rates and distributions of adatoms on terraces and at step edge positions. The main purpose of this work has been to derive a general (but coarsegrained) theory for computing coverage-dependent collective diffusion coefficients under non-equilibrium conditions. We have achieved this by considering diffusion across steps in a phenomenological framework using detailed balance between particle fluxes within the linear response theory. This allows us to derive expressions for effective diffusion coefficients both in the limit of large coverage and in that of small coverage. These expressions are in good agreement with the proper equilibrium quantity D c (Θ) in the corresponding limits. The expressions derived here should be useful for any system where the linear response theory is still valid under non-equilibrium.
In addition to the non-equilibrium case, we have also revisited the microscopic approaches for calculating the equilibrium quantity D c (Θ). It can be systematically derived from the corresponding master equations for diffusion across the steps within the dynamical mean field approximation. By using a choice for the Fourier components of the occupation variables that does not distinguish between terrace and step edge sites, we demonstrate that a result different from that derived by Merikoski and Ying [20] arises. This new result is qualitatively incorrect beyond Θ ≈ 1/L. This demonstrates the importance of properly handling the relevant slow variables for spatially inhomogeneous systems. These equations represent the complete set of master equations which are used to calculate the collective diffusion coefficient D c (Θ). We note that they also control the time evolution of coverage profiles under non-equilibrium conditions. To truncate the hierarchy of equations, we use the quasi-chemical approximation and calculate the correlations between simultaneous occupations of positions in clusters containing up to three sites. Since the occupation of any given position is independent of the others, we have the following
